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Abstract In this study, the extended finite element method was used for modeling dynamic fracture
in Kirchhoff plate and shell problems. A new set of tip functions was extracted from analytical
solutions of Kirchhoff plates. The semi-discrete method was used to simulate the dynamic behavior. An
unconditionally stable implicit Newmark scheme was used for temporal discretization. The performance
of the code in simulation of dynamic behaviors was proved by solving several benchmark problems and
comparing the obtained resultswith other numerical and analytical solutions. Also, the problemof cracked
thin tubes under gaseous detonation loading was simulated by the dynamic XFEM code. The results were
comparedwith analytical and other numerical solutions and the obtained results showed that themethod
has good capability for simulation of these problems.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
In general, the current numerical crack modeling methods
can be classified into two broad categories of geometrical
and non-geometrical presentations. In the first category,
the presence of a crack in the model is explicit and the
geometry and mesh are changed during the crack growth.
This category includes various numerical methodologies, such
as; the Finite Difference Method (FDM), the Finite Element
Method (FEM), the Boundary Element Method (BEM) and
the meshless (meshfree) method. Recently, several meshless
methods have been developed and some of them are widely
used in fracture mechanics problems, such as Smooth Particle
Hydrodynamics (SPH), the Element-FreeGalerkinmethod (EFG)
and the Reproducing Kernel Particle Method (RKPM) [1]. An
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be found in [2]. In the second category, the crack does not
appear in the model as a physical object, but its presence
affects the governing equations. These effects are either
on the stress–strain constitutive equations (smeared crack
methods, element extinction methods and computational cell
methods) or on the strain–displacement kinematic equations.
The latter approach is implemented in the eXtended Finite
ElementMethod (XFEM) by adding extra functions (enrichment
functions) to the approximation space of the elements around
the crack. This process gives additional degrees of freedom to
the enriched nodes. Recently, this approach has been adopted
in some meshless methods too [3–5].
The XFEM, in contrast to standard numerical methods, en-
ables the approximation of non-smooth solutions with opti-
mal accuracy. Also, when using standard numerical methods
(e.g. FEM or FVM) for the approximation of non-smooth solu-
tions, special care is required for the mesh construction. For
example, the element edges must align with a discontinuity
and a mesh refinement is needed near singularities. In con-
trast, the XFEM is able to achieve optimal convergence rates
on structured meshes where arbitrary discontinuities and sin-
gularities are present in element interiors. This issue is very
important when we encounter moving discontinuity, such as
a crack growth problem. In these cases, there is no need for
evier B.V. Open access under CC BY-NC-ND license.
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aj DOFs. related to H function in plane discretiza-
tion (m)
b body force density (N/m3)
bαK DOFs. related to Tip functions in plane discretiza-
tion (m)
C damping matrix (Ns/m)
D material matrix
djl DOFs. related to H function in out-of-plane
discretization (m)
E Young’s modulus (N/m2)
en unit outward normal to the crack
emkl DOFs. related to Tip functions in out-of-plane
discretization (m)
f global external force vector (N)
Gm crack tip bending enrichment functions
H Heaviside discontinuous function
I interaction integral (N/m)
J J-integral (N/m)
Jk invariant J-integral (N/m)
K stiffness matrix (N/m)
K1 symmetric (bending) stress intensity factor
(Pa
√
m)
K2 anti-symmetric (twisting) stress intensity factor
(Pa
√
m)
KI plane stress intensity factor (mode I) (Pa
√
m)
KII plane stress intensity factor (mode II) (Pa
√
m)
M mass matrix (Ns2/m)
Mz fictitious moment resultant about z axis (Nm/m)
Mαβ moment resultant components (Nm/m)
Ni shape functions for plane problem
Nil shape functions for plate problem
p lateral load intensity (N/m2)
p1 pre-detonation pressure (Pa)
p2 maximum-detonation pressure (Pa)
p3 post-shock pressure (Pa)
Qβ shear force resultant components (N/m)
q weighting function
r radial distance from crack tip (m)
T exponential decay factor (s)
ti external traction vector components (N/m2)
uh discretized form of plane displacement (m)
uI nodal plane displacement (m)
u˙ velocity (m/s)
u¨ acceleration (m/s2)
Vcj Chapman–Jouguet speed (m/s)
W strain energy density (N/m2)
w normal displacement in z direction (m)
wh discretized form of normal displacement (m)
β1 1st Newmark parameter
β2 2nd Newmark parameter
εij strain tensor
Ψi crack tip plane enrichment functions
ν Poisson’s ratio
θ angular position in the crack tip coordinate
system
θx rotation about x axis
θy rotation about y axis
θz fictitious rotation about z axis
ρ mass density (kg/m3)
σ Cauchy stress tensor (N/m2)
σij stress tensor (N/m2).troublesome and time-consuming re-meshing procedures. This
method, which was established based on the Partition of Unity
Method (PUM) and applied to fracture mechanics problems by
Belytschko and Black [6], has been improved by Dolbow [7] for
crack growth modeling without re-meshing. The method was
later applied to other problems, such as 3D fracture, cohesive
crackmodeling, fracture mechanics of FGM and crackmodeling
in orthotropic materials [8–11]. A recent review of the usage of
the XFEM in computational fracture mechanics is reported by
Abdelaziz et al. [12]. An overview of the method and its appli-
cations has been undertaken by Fries and Belytschko [13].
Application of the XFEM to plates and shells has been re-
ported by Dolbow et al. [14] for Mindlin–Reissner plates and by
Areias et al. [15,16] for shells. Also, thismethodwas used in var-
ious dynamic fracture applications in plane problems [17–23].
Nevertheless, the focus of the current study is on the dynamic
XFEM formulation based on the Kirchhoff plate and shell the-
ory, which is the simplest approach to fractures of thin plate
and shell problems [24]. This approach can give accurate results
for thin plates and shells without complications due to shear
locking. In sequel, a new set of Tip functions are extracted from
analytical solutions of Kirchhoff plates and they are used in the
nodal enrichment of the nodes around the crack tip [25,26]. The
semi-discretemethodwas used to simulate the dynamic behav-
ior of problems. In this study, the implicit Newmark schemewas
used for temporal discretization. The performance of the code
in the simulation of plates and shells under static and dynamic
loading is proved by solving several benchmark problems.
After verification of the dynamic XFEM code, the problem
of thin tubes under gaseous detonation loading is investigated.
The first analytical model of flawless tubes under detonation
loading was introduced by Tang [27]. The experimental,
analytical, and numerical studies carried out by Beltman and
Shepherd showed that the true characteristics of the response
can only be revealed through transientmodels [28–30]. Mirzaei
et al. modified the original Tangs formulation, and developed
a new transient analytical model in which all the essential
terms in the governing equation were preserved [31–33]. The
experimental and numerical simulation of the fracture of tubes
under internal gaseous detonation was carried out by Chao and
Shepherd [34,35], and some other numerical simulations can be
found in [36,37]. In this study, a flawless cylindrical thin tube
under gaseous detonation loading is simulated by the dynamic
XFEM code and the results are compared with analytical and
other numerical solutions. Then, the tube is considered with
a longitudinal through crack, and the capability of the code in
simulation of these problems is investigated.
2. XFEM formulation for Kirchhoff plate and shells
In FEM cases, if a shell is discretized by flat elements, the ele-
ments can be subjected both to bending and ‘‘in-plane’’ loading,
and these loadings cause independent deformations. The ‘‘in-
plane’’ loading can be simulated easily by considering a plane
stress element and related formulations. In fracture mechan-
ics problems, using the XFEM formulation, the discretized ‘‘in-
plane’’ displacements are introduced as [6,7]:
uh(x) =
I
i=1
Ni(x)ui +
J
j=1
Nj(x)H(x)aj
+
K
k=1
Nk(x)
4
α=1
Ψα(x)bαk, (1)
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support is entirely split by the crack, and K is the set of nodes
that contain the crack tip in their support. H(x) is the Heaviside
discontinuous function which is defined as [7]:
H(x) =

1 for (x− x∗) · en ≻ o
−1 for (x− x∗) · en ≺ o (2)
where x is a sample point, x∗ (which lies on the crack) is the
closest point projection of x, and en is the unit outward normal
to the crack at x∗ ·Ψα(x) are the crack tip enrichment functions
for plane problems [6]:
Ψ1 =
√
r sin(θ/2),
Ψ2 =
√
r cos(θ/2),
Ψ3 =
√
r sin(θ) sin(θ/2),
Ψ4 =
√
r sin(θ) cos(θ/2), (3)
where r and θ are the local polar coordinates at the crack
tip. It should be noted that the first function is discontinuous
across the crack faces, whereas the remaining functions are
continuous. These functions insure displacement discontinuity
along the crack face. Also, these functions create the 1/
√
r
expression in the strain and stress fields, and the singularity of
these fields in the crack tip will be guaranteed.
In order to simulate the bending loadings in shells, the
plate theories must be adopted. The Kirchhoff plate and shell
theory, which is the simplest approach to thin plate and shell
problems, gives accurate results for these structures without
the complications due to shear locking [24]. The state of
deformation of Kirchhoff plates can be presented by normal
displacement, w, and the following fourth-order differential
equation [38]:
D

∂4w
∂x4
+ 2 ∂
4w
∂x2∂y2
+ ∂
4w
∂y4

− p = 0, (4)
in which p is the lateral load intensity, and D (bending stiffness)
is computed from:
D = Eh
3
12(1− ν2) . (5)
In the above, ν is the Poisson’s ratio, h is the plate thickness, and
E is the Young’s modulus.
In dealing with cracked plates, we use the near crack tip
stress and displacement fields for a crack in an infinite Kirchhoff
plate under bending provided by Williams, and the stress
intensity factor definitions of Sih et al. for the deflection field
to write [25,26]:
w = (2r)
3/2(1− ν2)
2Eh(3+ ν)

K1

1
3

7+ ν
1− ν

cos
3θ
2
− cos θ
2

+ K2

−1
3

5+ 3ν
1− ν

sin
3θ
2
+ sin θ
2

, (6)
where K1 and K2 are symmetric (bending) and anti-symmetric
(twisting) stress intensity factors. On the other hand, the
enriched displacement approximation can be written as:
wh =
I
i=1
3
l=1
Nil(x)wil
+
J
j=1
3
l=1
Njl(x)H(x)djl
+
K
k=1
3
l=1
Nkl(x)

4
m=1
emklGm(r, θ)

, (7)where I , J and K are the sets defined in Eq. (1). The Tip functions
for bending formulation, Gm(r, θ), can be extracted from the
analytical solution by writing Eq. (6) in the following form:
w = C1r 32 sin

θ
2

+ C2r 32 cos

θ
2

+ C3r 32 sin

3θ
2

+ C4r 32 cos

3θ
2

, (8)
where Ci are the constants which are independent of r and θ .
Since, in the vicinity of the crack tip, the normal displacement,
w, is a composition of these four expressions, the Tip functions
can be chosen as:
{Gl(r, θ)}4l=1 =

r
3
2 sin

θ
2

, r
3
2 cos

θ
2

,
r
3
2 sin

3θ
2

, r
3
2 cos

3θ
2

. (9)
Note that the first and third functions are discontinuous
along the crack, which means that their values have a
jump at the Gaussian points above and below the crack. In
bending formulation, the strains are obtained by two times
differentiation of vertical displacement (w), with respect to
position. So, 1/
√
r expression will appear in the bending strain
and stress fields, and the singular behavior of these fields will
be insured.
In this study, we used 4-node rectangular elements for
which each node has six degrees of freedom. The nodal dis-
placement vector for each node is:
ai =

ui vi wi θxi θyi θzi

, (10)
where ui and vi are the nodal values of ‘‘in-plane’’ displacement,
wi are the nodal values of normal displacement, and θxi and θyi
are the nodal values of rotation about the x and y axis, respec-
tively. These parameters are defined in the local coordinate sys-
tem of each element. Figure 1 shows a typical element, along
with the related parameters. Accordingly, the discretized form
of normal displacement,w, can be presented as:
wh =
I
i=1
3
l=1
wilNil, wil =

wi
θxi
θyi

, (11)
in which, I is the set of element nodes, and Nil are the shape
functions derived by Melosh [39]. θxi and θyi are dependent on
wi as:

θxi
θyi

=


∂w
∂y

i
−

∂w
∂x

i
 . (12)
Rotation θz in Eq. (10) does not enter as a parameter into the
definition of deformations in either mode. But it is convenient,
for some reasons related to the assembly process, to take this ro-
tation into account and associate with it a fictitious couple,Mz .
3. Newmark formulation for temporal discretization
In general, the elastodynamic behavior of structures is
defined by the following hyperbolic differential equation:
Mu¨(x, t)+ Cu˙(x, t)+ Ku(x, t) = f, (13)
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coordinate systems.
in which M, C and K are the global mass, damping and
stiffnessmatrices, respectively, and f is the global external force
vector. Usually, the damping effects are ignored in structural
analysis. For solving Eq. (13), the semi-discrete approach is
adopted, in which the spatial discretization is performed first,
followed by a temporal discretization scheme designed to
prevent backflow of information from the future into the past.
After spatial discretization and ignoring C, the following second
order differential equation is obtained:
M
d2u
dt2
+ Ku = f, (14)
in whichM, K and f are obtained as:
M IJ =

Ω
ρN IN JdΩ,
K IJij =

Ω
DijklN I,kN
J
,ldΩ,
f Ii =

Ω
ρbiN IdΩ +

Γt
tiN IdΓ , (15)
where ρ is mass density, N I are shape functions, D is material
matrix, b is body force density, t is external traction, Ω is
domain and Γt is force boundary. The values of displacement
and their derivatives in time, t + 1, can be approximated from
the values in time, t:
un+1 = un +∆tu˙n + ∆t
2
2
[(1− β2)u¨n + β2u¨n+1] ,
u˙n+1 = u˙n +∆t [(1− β1)u¨n + β1u¨n+1] , (16)
where β1 and β2 are Newmark parameters and u˙ and u¨ are
velocity and acceleration, respectively. If Eq. (16) is substituted
in Eq. (14), the following equation will be obtained:
Meffu¨n+1 = feff,
Meff = M+ 12β2∆t
2K,
feff = fn+1 − K

un +∆tu˙n + 12∆t
2(1− β2)u¨n

. (17)
Using Eq. (17), the acceleration in time t+1 is obtained from the
values in time t , and then the velocity and displacement values
in time t + 1 can be determined by Eq. (16).Different values can be considered for β1 and β2. In this
paper, the constant-average-acceleration method has been
used, in which both β1 and β2 are chosen 1/2, and which is
unconditionally stable for linear problems [38].
4. Stress intensity factor (SIF) computation
In this study, the SIFs for the XFEM simulations were cal-
culated using the J-integral and the interaction integral meth-
ods. The J-integral is extensively used in fracture mechanics for
computing the SIFs from obtained results of numerical simula-
tions. The original form of the J-integral for a line contour sur-
rounding the crack tip can be written as:
J =

Γ

Wdy− Ti ∂ui
∂x
ds

, (18)
in which W is the strain energy density and Ti are the
components of the traction vectorwhich acts on the contour,Γ .
The evaluation of Eq. (18), using numerical simulation results, is
rather difficult and it would be more convenient to change the
contour integral to an area integral:
J =

A

σij
∂ui
∂x1
−Wδ1i

∂q
∂xi

dA. (19)
Another interestingmethod for computing SIFs from numerical
results is the interaction integral method which solves the
difficulty of computing separate SIFs in mixed mode problems.
The basic formulations and further information on J-integral
and interaction integral methods can be found in Appendix.
The obtained SIFs are compared with other existing
analytical solutions. The SIFs for an infinite-width plate with a
central crack under remote tensile stress, σ , and pure bending
moment (M) are, respectively, expressed by Eqs. (20) and
(21) [26]:
KI = σ
√
πa, KII = 0, (20)
K1 = 6Mh2
√
a, K2 = 0, (21)
in which a is half the crack length and h is the plate thickness.
The SIF expressions for a finite-width plate with a central crack
under remote tensile stress, σ , is [40]:
KI = σ
√
πa

sec
πa
2B
 1
2
×

1− 0.025
 a
B
2 + 0.06  a
B
4
, (22)
in which B is the plate width.
5. Results and discussion
In this section, some typical benchmark problems are solved
by the developed dynamic XFEM code and the obtained result
are compared with the existing analytic solutions. Then, the
problem of thin tubes under gaseous detonation loading is
solved by the code, and the accuracy of the method is proved
by comparing the obtained results with analytical and other
numerical solutions.
5.1. Rectangular plate with a straight through crack under remote
tension
Figure 2 shows a rectangular plate containing a through-
thickness crack under uniform tension. The normalized stress
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uniform tension.
Table 1: Normalized analytic and numeric SIF values for a rectangular plate
with a straight through crack under remote tension.
SIF Analytical
solution
No. of
elements
Interaction
integral method
J-integral
method
KI
σ
√
πa 1.075
1500 1.100 1.104
2000 1.095 1.103
3000 1.094 1.103
intensity factor values for different numbers of elements are
listed in Table 1. It is clear that the results are in excellent
agreement with the analytical solution, and the convergence
of the results by element size is observed. Considering 3000
elements, the SIF percent error is obtained as 1.8% and 2.8%
for the interaction integral method and the J-integral method,
respectively. The SIF percent error is expressed as:
The SIF percent error =
SIFXFEM-SIFAnalytical
SIFAnalytical
× 100. (23)
Although both the interaction integral and the J-integral
methods are efficient in evaluating SIFs, the results of the
former method agree better with the analytical values.
5.2. Rectangular plate with a through crack under pure bending
Figure 3 illustrates a pure bending problem with the stress
intensity factors expressedby Eq. (21). This benchmarkproblem
is simulated with a finite length rectangular plate. The plate
dimensions are 86mm × 70mm and the thickness (h) is 1mm.
The applied moment (M) is 10 N mm/mm, and the problem is
solved for different crack lengths.
The SIFs are computed based on the integrals obtained for
circular domains with different radii (ranging from a quarter
length of crack to half length of crack) and the average values
are listed in Table 2. Although K1 values for different contours
were not exactly the same, the difference between minimum
and maximum values did not exceed 10% of the mean value.Figure 3: A rectangular plate containing a through-thickness crack under pure
bending.
Table 2: Symmetric bending SIF and its normalized values for a rectangular
plate with through crack under pure bending.
Crack length Eq. (21) K1(XFEM)
K1(XFEM)
K1(Eq. (21))
mm MPa
√
mm MPa
√
mm
12 146.97 143 0.973
16 169.71 165.5 0.975
20 189.74 186 0.980
24 207.85 206 0.991
28 224.5 223 0.993
According to Table 2, the SIF percent error is obtained as 2.7%
for a crack length of 12 mm and decreases to 0.7% for a crack
length of 28 mm. It is clear that the obtained results are in a
good agreement with analytical ones.
5.3. Rectangular plate with a straight through crack under remote
tension and bending
Figure 4 shows the geometry and loading of a rectangular
plate containing a through-thickness crack under uniform
tension and pure bending. The material properties are E =
2 10 000 N/mm2, ν = 0.33. According to Eqs. (20) and (21),
the static SIFs for this example are calculated as:
KI = σ
√
πa = 20√6π = 86.81 MPa√mm, (24)
K1 = 6M0h2
√
a = 6(10)
12
√
6 = 146.97 MPa√mm. (25)
The problem is solved by the XFEM code using a mesh made of
34×42 rectangular elements. The values of SIFs are determined
using the J-integral method:
K(I)XFEM =

JpE = (0.04)(2 10 000)
= 91.6 MPa√mm, (26)
K(1)XFEM =

3E
π
3+ ν
1+ ν J
b
=

3(2 10 000)
π
3.33
1.33
(0.0491)
= 157 MPa√mm. (27)
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uniform tension and pure bending.
Figure 5: Dynamic stress intensity factor vs. time for plane loading.
The SIF percent error is obtained as 5.5% and 6.8% for tension
and bending loading, respectively. The SIFs obtained by the
XFEM code are in agreement with the values of Eqs. (24)
and (25). Due to consideration of the finite-width effects in
the XFEM solution, the XFEM results are slightly higher than
Eqs. (24) and (25).
Considering constant loads during time, the problem is
solved dynamically. In order to detect some cycles in obtained
results, the computational time is considered 1 and 100 s for
plane and bending analyses, respectively. In both cases, the
computational time is divided in 100 time steps. For constant
loading problems, the dynamic parameters must oscillate
between 0 to twice the static values. This issue is seen in
Figures 5 and 6, and the capability of the dynamic XFEM code
is proved for plane and bending analyses. As illustrated in
Figure 6, though themain trend of the graph oscillates between
0 to twice the static values, there are some small oscillations
around the main trend. These small oscillations are due to the
numerical computations, and they are intensified by decreasing
the size of time steps and vice versa.
5.4. Cylindrical thin tube with a longitudinal through crack under
gaseous detonation loading
In this section, the problem of cylindrical thin tubes with a
longitudinal through crack under gaseous detonation loadingFigure 6: Dynamic stress intensity factor vs. time for bending loading.
Figure 7: Schematic of the loading profiles for gaseous detonation.
Table 3: Material and geometrical properties of the 6061-T6 aluminum
tube.
ρ E ν Outer radius Inner radius Tube length
kg/m3 N/m2 mm mm m
2780 69×109 0.33 20.64 19.17 1.52
Table 4: Gaseous detonation loading parameters.
Vcj p1 p2 p3 T
m/s kPa MPa MPa s
2643 0 1.9 0 1.5∗10−4
is simulated by the dynamic XFEM code. The crack is assumed
stationary and the loading is moving internal pressure. The
pressure history for gaseous detonation can be represented by
an exponential approximation to the Taylor–Zeldovich model
by writing the following expression for variation of pressure at
a fixed point in space [28]:
p(t) =

p1, 0 < t < tcj.
p2 − p3 exp

− t − tcj
T

+ p3, tcj ≤ t ≤ ∞. (28)
In the above expression, p1 is the initial pressure of the gas
mixture, p2 is the peak pressure, p3 is the final pressure, t is the
time variable, T is the exponential decay factor, and tcj = x/Vcj
(Vcj = Chapman–Jouguet velocity) is the time required for the
detonation front to reach the location, x. Figure 7 schematically
depicts the variation of internal pressure with the distance for
the above mentioned loadings.
A 6061-T6 aluminum tube is considered in this example,
and the experimental and numerical results for the flawless
tube are reported in [34,35]. Also, a transient analytical
model is proposed for this problem [31–33]. The material and
geometrical properties are listed in Table 3. Figure 8 illustrates
the geometry of the one quarter of the tube. The detonation
loading parameters are specified in Table 4.
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points A, B, C,D and the left end of the tube are 0.3038 m, 0.4864 m, 1.0032 m
and 1.2008 m, respectively.
5.4.1. Simulation of the flawless tube
First, the flawless tube under detonation loading is simu-
lated by the code, and the obtained hoop stress at point A in
Figure 8 is compared with analytical and other numerical re-
sults. Figure 9a shows the result of the transient analyticalmod-
eling of the problem [33]. The analytical modeling has been
previously proved by experimental results [32].
Then, this problem is simulated numerically by ANSYS-LS
DYNA software. As depicted in Figure 8, one quarter of the
tube is modeled and the mesh structure consists of 10000 shell
elements (10 elements in circumference and 1000 elements
in length of the tube). Figure 9b shows the obtained hoop
stress versus time. Finally, this problem is solved by the
dynamic XFEM code. Again, in this simulation, considering
proper boundary conditions, just one quarter of the tube is
modeled and 2200 rectangular shell elements (11 elements in
circumference and 200 elements in length of the tube) are used
in the mesh structure. The computational time is considered
0.5 ms divided in 1000 time steps, and the obtained result is
shown in Figure 9c.
The distance between point A and the left end of the tube
is 0.3038 mm and the detonation velocity is 2643 m/s. Hence,
the detonation front will reach point A at t = 0.115 ms. As
depicted in Figure 9, all methods predict this issue, and the
oscillations have been started at that time. Existence of some
precursor oscillations before themain oscillations is observed in
all figures. The predicted maximum hoop stress in all methods
is similar and is about 50 MPa. The minimum hoop stress for
XFEM and ANSYS-LS DYNA simulations is about −25 MPa, but
this parameter is about −20 MPa for the analytical solution.
The amplitude and the frequency of the ANSYS-LS DYNA and
dynamic XFEM code results agree with the analytical solution,
and the efficiency of both methods in simulation of a flawless
tube under detonation loading is proved.
5.4.2. Simulation of the tube with a longitudinal through crack
In this section, the previous tube with a central longitudinal
through-thickness crack is simulated by the dynamic XFEM
code. The crack length is considered 400mm, the geometry and
location of which are shown in Figure 8. There is no analytical
solution for this problem and the obtained results are compared
with the ANSYS-LS DYNA software results. In ANSYS-LS DYNA,
the crack is simulated by the nodal release technique and using
singular elements around the crack tip. The hoop stress versus
time for points A, B, C and D (see Figure 8) are obtained usingFigure 9: The hoop stress at point A (0.3038m from the left end of the flawless
tube) obtained from (a) analytical solution, (b) ANSYS-LS DYNA software, and
(c) dynamic XFEM code.
the dynamic XFEM code and ANSYS-LS DYNA software, and the
results are presented in Figure 10.
Since the detonation starts from the left end of the tube
at t = 0, the times for when the detonation front reaches
points A, B, C and D are, respectively, 0.115, 0.184, 0.38 and
0.454 ms, and as depicted in Figure 10, the main oscillations
appear at these times. It is clear that the transient characters
of the obtained response using the dynamic XFEM code, such
as the existence of precursor signals, starts the time of main
oscillations, Minimum and maximum hoop stresses, and the
frequency and amplitude of the main oscillations, are in good
agreement with ANSYS-LS DYNA results.
Figure 11 shows the contours of displacements in z direction
at t = 0.15 and t = 0.25 ms (z direction is shown in
Figure 8). The deformed shape of the tube is plotted with a
proper magnification factor in this figure. The detonation front
will reach the first and second crack tips at t = 0.21 and
t = 0.29 ms, respectively. Hence, the detonation front has
S.J. Rouzegar, M. Mirzaei / Scientia Iranica, Transactions B: Mechanical Engineering 20 (2013) 120–130 127Figure 10: The hoop stress vs. time at (a, b) point A. (c, d) point B. (e, f) point C . (g, h) point D. Left: ANSYS-LS DYNA software results. Right: dynamic XFEM code
results. (Points A, B, C and D are shown in Figure 6.)not reached the crack area at t = 0.15 ms, and it has passed
from this area at t = 0.25 ms. Because of this fact, the
displacement values in Figure 11a and b are much more than
in Figure 11c and d. The minimum and maximum values ofobtained displacements in Figure 11a and b, and also Figure 11c
and d, are in the same ranges. The deformed shapes of the tube
obtained by the dynamic XFEM code and ANSYS-LS DYNA are
alike. The number of created waves in the tube is the same in
128 S.J. Rouzegar, M. Mirzaei / Scientia Iranica, Transactions B: Mechanical Engineering 20 (2013) 120–130Figure 11: Contours of displacement in z direction of the tube. (a) XFEM results, t = 0.15ms; (b) ANSYS-LSDYNA results, t = 0.15ms; (c) XFEM results, t = 0.25ms;
and (d) ANSYS-LS DYNA results, t = 0.25ms. The magnification factor for plotting the deformed shape of the tube is 2000 for Figures (a, b) and 300 for Figures (c, d).Figure 11a and b. Also, the crack opening configuration obtained
by the dynamic XFEM code, which is illustrated in Figure 11c, is
quite similar to the ANSYS-LS DYNA result.Accordingly, it can be concluded that the obtained dynamic
XFEM code results are in good agreement with the ANSYS-LS
DYNA results, and the performance of the presented code in the
S.J. Rouzegar, M. Mirzaei / Scientia Iranica, Transactions B: Mechanical Engineering 20 (2013) 120–130 129simulation of a cracked thin tube under detonation loading is
proved.
6. Conclusions
In this study, the XFEM was used for modeling fracture in
Kirchhoff plate and shell problems. A new set of tip functions
were extracted from analytical solutions of Kirchhoff plates.
The obtained static results for both in-plane and out-of-plane
loadings were in a good agreement with the existing analytical
solutions.
In order to dealwith the dynamic simulation of problems the
semi-discrete approachwas adapted and the Newmark scheme
was used for temporal discretization. A rectangular plate with a
central through crack under uniform tension and pure bending
was simulated by the dynamic XFEM code. The obtained
results for both in-plane and out-of-plane loading were
accurate. Though the dynamic response of in-plane loading
was completely compatible with the analytical concepts, the
out-of-plane loading analysis was slightly sensitive to the time
step size, and some undesirable fluctuations were created by
decreasing the time step size.
We also studied the XFEM simulating of thin tubes under
gaseous detonation loading using the dynamic XFEMcode. First,
a flawless tubewas simulated by the code, and the XEFM results
were compared with existing analytical and other numerical
solutions, and the capability of the code in simulation of these
problems was proved. Then, a longitudinal through crack is
considered in the tube and it was shown that the obtained
results are in a good agreement with the ANSYS-LS DYNA
results.
Appendix
The J-Integral method is widely used for numerical deter-
mination of SIFs. For a plane problem, this contour integral is
defined by:
J =

Γ

Wdy− Ti ∂ui
∂x
ds

, (A.1)
in which Ti and ui are defined on the contour Γ (as the traction
and displacement components, respectively), and W is the
strain energy density inside the contour:
W =

σijdεij = 12σijεij. (A.2)
Numerical computation of the above contour integral is rather
difficult, so it is usually changed into a domain form:
J =

A

σij
∂ui
∂x1
−Wδ1i

∂q
∂xi

dA, (A.3)
where q is a sufficiently smoothweighting functionwhich takes
a value of unity on an open set containing the crack tip and
vanishes on an outer prescribed contour.
In mixed mode conditions, Eqs. (A.1) and (A.3) do not allow
KI and KII to be calculated separately. In this case, invariant
integrals can be used as below [41]:
Jk = −

A

W
∂q
∂xk
− σij ∂ui
∂xk
∂q
∂xj

dA
−

A

∂W
∂xk
− σij ∂
∂xj

∂ui
∂xk

qdA
−

C
ti
∂ui
∂xk
qds, (A.4)where k is an index for the local crack tip axis (x, y). The stress
intensity factors can be obtained from the above integrals by
the following relationships:
KI = 0.5

8µ
κ + 1

J1 − J2 +

J1 + J2

,
KII = 0.5

8µ
κ + 1

J1 − J2 −

J1 + J2

. (A.5)
Another efficient method for numerical computation of SIF
(especially in mixed mode problems) is the interaction integral
method [7]. In this method, two states of a cracked body are
considered. State 1 (σ (1)ij , ε
(1)
ij , u
(1)
i ) corresponds to the present
state and State 2 (σ (2)ij , ε
(2)
ij , u
(2)
i ) is an auxiliary state, whichwill
be chosen as the asymptotic fields for Mode I or Mode II. For a
plane problem, the interaction integral is defined as:
I(1,2) =

A

σ
(1)
ij
∂u(2)i
∂x1
+ σ (2)ij
∂u(1)i
∂x1
−W (1,2)δ1j

∂q
∂xj
dA, (A.6)
whereW (1,2) is the interaction strain energy:
W (1,2) = σ (1)ij ε(2)ij = σ (2)ij ε(1)ij . (A.7)
The relationship between the interaction integral and SIF is:
I(1,2) = 2
E∗

K (1)I K
(2)
I + K (1)II K (2)II

, (A.8)
where E∗ is defined in terms of E (Young’s modulus) and ν
(Poisson’s ratio) as:
E∗ =
E → plain_stress
E
1− ν2 → plain_strain.
(A.9)
Making a judicious choice of State 2 as the pure Mode I
asymptotic field with K (2)I = 1, K (2)II = 0 gives the Mode I stress
intensity factor for State 1 in terms of the interaction integral:
K (1)I =
2
E∗
I(1,Mode I). (A.10)
The Mode II stress intensity factor can be determined in a
similar fashion.
Similarly, for plate bending problems, the J-integral is
defined as:
Jk =

Γ

Wδk,β −

Mαβθα,k + Qβw,k

nβdΓ ,
α, β = 1, 2, (A.11)
where Mαβ and Qβ are the moment and the shear force
components, andW is the strain energy density defined as:
W = 1
2

Mαβθα,β

. (A.12)
Choosing k = 1 in (A.11), the first mode (bending mode) can be
written as:
J1 =

Γ

Wδ1,β −

Mαβθα,1 + Qβw,1

nβdΓ . (A.13)
Using the divergence theory, this integral can be converted
to a domain integral, which is convenient for numerical
computations. The relationship between the SIF and the J-
integral is [42]:
J1 = π3E

1+ ν
3+ ν

(K 21 )⇒ K1 =

3+ ν
1+ ν

3E
π
J1. (A.14)
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